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Abstract
We introduce a class of smooth dendroids (called weak hairy arcs) which generalizes the hairy
arc, and show that the confluent images of the hairy arc are contained in this class. We show that for
confluent maps of the hairy arc, the properties of being open, light, and finite-to-one are equivalent.
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1. Introduction
The hairy arc was introduced and characterized in [1] by Aarts and Oversteegen as
a comb (see below) each of whose hairs is a two-sided limit of hairs. In [8], Macías
investigated the light open images of the hairy arc; the scope of investigation is widened
in this paper with the consideration of confluent maps. We show herethat every confluent
image of the hairy arc belongs to a class of objects called weak hairy arcs, which we
define. Additional properties of the image space are obtained under the stronger condition
of openness on the map.
We review here some important terminology and notation. Let D be a dendroid, i.e., an
arcwise connected hereditarily unicoherent continuum (all spaces are metric, so Hausdorff,
in this paper). D is said to be smooth provided that there exists a point p ∈ D such that
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[p,an] → [p,a] whenever an→ a in D. p is called an initial point of D, and the set of
all initial points is called the initial set of D. Charatonik and Eberhart showed in [4] that
a dendroid is locally connected at each of its initial points, that the initial set of a smooth
dendroid is arcwise connected, and that the initial set of a smooth dendroid is a dendrite if
it is closed.
It was also shown in [4] that every subdendroid of a smooth dendroid is smooth. Since
every subcontinuum of a dendroid is a dendroid, this means that every subcontinuum of a
smooth dendroid is a smooth dendroid.
A map f :X→ Y of continua is confluent if for every subcontinuumK of Y and every
component C of f−1(K), the equality f (C) = K holds. It is known (see [5]) that the
restriction f |C :C→ K is then also confluent. It is also known that open maps, as well
as monotone maps, are always confluent (see [10, 13.14 and 13.15]). We use the notation
Comp(A,x) to denote the component of A containing the point x .
Mac´kowiak has shown in [9] that the confluent image of a smooth dendroid is a smooth
dendroid. Thus, this class of continua is well-behaved with respect to subspaces and
confluent maps.
A comb is a smooth dendroid D containing a minimal nondegenerate arc B (called the
base of the comb) such that: (1) if C1 and C2 are components of D \ B , then C1 and C2
(called hairs of the comb) are disjoint arcs; and (2)D \B is dense inD. Loosely speaking,
a comb is an arc to which hairs are smoothly, singly, and densely attached (it is worth
mentioning that in the literature, the word “comb” is used variously: the base arc may or
may not be degenerate or minimal, smoothness may or may not be required, hairs may or
may not be singly attached, etc.).
An end point of a dendroidD is a point which is an end point of each arc containing it.
The set of all end points of D is denoted by E(D). A ramification point (or branch point)
of D is a point which is the common end point of at least three arcs which are pairwise
disjoint except for this point (the union of three such arcs is called a triod). The set of all
ramification points of D is denoted by R(D).
If D is a dendroid and p ∈D, the symbol r(p,D) denotes the cardinality of the set of
arc components of D \ {p}—that is, the number of arcs [p,an] with an ∈D \ {p} such that
[p,an] ∩ [p,am] = {p} for n 6=m. The number r(p,D) is called the order of D at p (in
the classical sense). Note that p is an end point of D if and only if r(p,D)= 1, and p is a
branch point of d if and only if r(p,D)> 3.
An important result [7] of Eberhart, Fugate, and Gordh is the so-called Branch Point
Covering Theorem: the confluent image of a hereditarily arcwise connected continuum is
hereditarily arcwise connected, and the branch point of any simple triod in the image is the
image of the branch point of a simple triod, which may be chosen to map onto the image
triod. The proof of this theorem (see [10, p. 298]) shows that in fact each component of
the preimage contains such a covering triod, each leg of which has a nondegenerate image.
This will be exploited later.
Of particular interest is the hairy arc. This is a comb, each hair of which is a limit from
both sides (with respect to the base arc’s order) of other hairs. Aarts and Oversteegen have
shown in [1] that such a comb is topologically unique. Throughout this note, X is a hairy
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arc with base B and pi is the natural monotone projectionX→B .Hb denotes the compact
hair of X attached at base point b with end point eb; note that Hb = pi−1(b) = [b, eb].
Although the notation is usually used to denote a nondegenerate hair, we may find it
useful to allow degenerate hairs and will qualify the word where it is necessary to make
a distinction. f is a confluent surjection and Y is Hausdorff, so X and Y are both metric
continua.
The Lelek fan is a smooth dendroid which contains a unique branch point (making it
a smooth fan) and whose end points are dense. It was shown by Charatonik in [6] (and
independently by Bula and Oversteegen in [2]) that the Lelek fan is topologically unique.
One may think of the Lelek fan as being obtained by shrinking the base of the hairy arc to
a point.
A weak hairy arc is a smooth dendroid whose branch points lie on a (possibly
degenerate) minimal arc (called the base of the weak hairy arc) such that the union of
the base and the end points of the dendroid is dense. Note that the point, the arc, the Lelek
fan, and the hairy arc are all examples of weak hairy arcs. We will show in this paper that
every confluent image of the hairy arc is a weak hairy arc. Stronger hypotheses on the map
(such as openness) will further restrict the possible images of the hairy arc.
2. Images of hairs
In this section we determine the behavior of f on Hb. As we shall see, the result is
surprisingly simple: the image of each hair is a (possibly degenerate) arc. Furthermore,
if Y is not an arc, then each hair is mapped monotonically onto its image by f . One
consequence of this is that f−1f (B) is connected. We begin by defining a concept which
will prove useful in demonstrating these facts.
Definition 1. Let x ∈K ⊂Hb \ {b}, where K is the maximal subarc of Hb with f (K)=
{f (x)}. We say that f has a local extremum f (x) on Hb at x if either
(i) f (x) is an end point of Y , or
(ii) there is an arc A (open in Hb) containingK and a nondegenerate arc [f (x), y] ⊂ Y
meeting f (A) only at f (x).
Remark. The essence of the first line is that b /∈ Comp(f−1f (x), x)⊂Hb .
Proposition 2. If f is confluent, then each local extremum on Hb is an end point of Y .
Proof. Suppose that the local extremum f (x) is not an end point of Y , so that condition
(ii) holds. SinceK is a compact subset of Hb \ {b} and A is open in Hb, there exists a point
x1 ∈ (x, b) ∩ A such that f (x1) 6= f (x). Note that f (x1) /∈ [f (x), y]. If eb /∈ K , choose
x2 ∈ (x, eb)∩A \ f−1f (x); otherwise, put x2 = eb.
Denote by C the component of f−1([f (x), y]) containing x . Then C ⊂ [x1, x2] ⊂A, so
that f (C)⊂ f (A)∩ [f (x), y] = {f (x)}, contrary to the confluence of f . 2
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Proposition 3. If f is confluent, then each subcontinuum of Y meeting both f (Hb) and its
complement contains f (b).
Proof. Suppose to the contrary that C ⊂ Y is a continuum not containing f (b) which
meets both f (Hb) and Y \ f (Hb); then we may find x ∈Hb with f (x) ∈ C ∩ f (Hb) and
y ∈ C \ f (Hb). Since b /∈ f−1(C), we have that x ∈ K ⊂ Hb \ {b}, where K denotes
the component of f−1(C) containing x . Now f (K) = C since f is confluent; but then
y ∈ f (K)⊂ f (Hb), contrary to the choice of y . 2
Corollary 4. If f is confluent, then each arc from f (b) to y ∈ Y \ f (Hb) meets f (Hb)
only at f (b).
Proof. Let y ∈ Y \ f (Hb), and suppose some point w ∈ f (Hb) lies in (f (b), y]. Then
[w,y] is a continuum,w ∈ [w,y]∩f (Hb), y ∈ [w,y]\f (Hb), and f (b) /∈ [w,y], contrary
to the preceding proposition. 2
The preceding results provide information about the manner in which the image of a hair
can be attached to its complement. We next explore the internal structure of the image of a
hair; note that such an image can be at worst a dendrite, being the continuous image of an
arc. As it happens, the image of every hair is in fact an arc (possibly degenerate), the proof
of which fact is accomplished in two stages as follows.
Proposition 5. If f is confluent, then f (Hb) \ {f (b)} contains no branch point of Y .
Proof. Suppose to the contrary that there is a point v ∈ Hb \ f−1f (b) and three arcs
Ci = [f (v), yi] in Y (i = 1,2,3) meeting only at f (v); we may assume that y3 = f (b)
and that [b, v)∩ f−1f (v)= ∅.
Proposition 3 implies that both C1 and C2 lie in f (Hb), since neither C1 nor C2 contains
f (b). C3 also lies in f (Hb), since both Y and f (Hb) are uniquely arcwise connected. Let
Ki be the component of f−1(Ci) containing v (i = 1,2,3). Then Ki ⊂Kj ∪Kl for some
choice of distinct indices i, j, and l. Hence Ci = f (Ki) ⊂ f (Kj ) ∪ f (Kl) = Cj ∪ Cl , a
contradiction. 2
Proposition 6. If f is confluent, then f (b) is not a branch point of f (Hb).
Proof. Suppose that f (b) is a branch point of f (Hb), so that there are three nondegenerate
arcs [f (b), yi] in f (Hb) meeting only at f (b).
First, let [b, x1] be a minimal arc in Hb which contains b and whose image meets
{y1, y2, y3} in exactly one point; we may assume that f (x1) = y1. Next, let [b, x2] be a
minimal arc which contains b and whose image meets {y1, y2, y3} in exactly two points;
we may assume that f (x2) = y2. Note that f ([b, x2]) contains y1 and y2, but not y3.
There exists a point b′ ∈ (x1, x2) such that f (b′) = f (b). Let Ki be the component of
f−1([f (b), yi]) containing b′ (i = 1,2,3). ThenKi ⊂Kj ∪Kl for some choice of distinct
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indices i, j, and l. Hence [f (b), yi] = f (Ki)⊂ f (Kj )∪ f (Kl)= [f (b), yj ] ∪ [f (b), yl],
a contradiction. 2
Since the only nondegenerate dendrite without branch points is an arc, the two preceding
propositions immediately imply the following.
Corollary 7. If f is confluent, then the image of each hair is a (possibly degenerate) arc.
Even when Y is a space more complicated than an arc, the manner in which hairs are
mapped onto their images turns out to be especially simple.
Proposition 8. Suppose f is confluent. If both f (Hb) and its complement are nondegen-
erate, then:
(1) f (eb) 6= f (b);
(2) f (eb) is an end point of Y (and of f (Hb));
(3) f (b) is an end point of f (Hb).
In particular: if Y is not an arc, the above results hold whenever f (Hb) is nondegenerate.
Proof. Choose a point y ∈ Y \ f (Hb); by Corollary 4, the nondegenerate arc [y,f (b)]
meets f (Hb) only at f (b).
(1) Since f (Hb) is nondegenerate, the component K of f−1f (eb) containing eb does
not contain b, and so lies in Hb \ {b}. Note that f (b) cannot be an end point of Y since
it lies in an open arc between y and any point of the nonempty set f (Hb) \ {f (b)}. Thus
f (eb) 6= f (b), since otherwise we would have constructed a counterexample to Proposi-
tion 2.
(2) It follows easily from part (1) and Corollary 4 that f (eb) is an end point of Y if
and only if it is an end point of f (Hb). Suppose then that f (eb) is not an end point of
f (Hb)= [y1, y2], and choose a minimal arc [eb, x1] whose image contains (say) y1 but not
y2; then f ([eb, x1]) is an arc [f (x), y1] for some x ∈ [eb, x1). Now x1 does not lie in the
component K of f−1f (x) containing x since y1 = f (x1) 6= f (x); thus [eb, x1) is an arc
(open in Hb) which contains K , and whose image meets the nondegenerate arc [f (x), y2]
only at f (x), contrary to Proposition 2.
(3) Suppose f (b) is not an end point of f (Hb). Choose a minimal arc [eb, b′] with
f (b′) = f (b); note that the component K of f−1f (b) containing b′ does not contain
b (this would force f (b) to be an end point of f (Hb)). As in part (1), this contradicts
Proposition 2. 2
Remark. Note that if Y is not an arc, then f (Hb) = [f (b), f (eb)] whether f (Hb) is
degenerate or not.
Let us now deal with the case of nonexistence of nondegenerate image hairs or, what
will be seen to be equivalent, the case that Y is an arc.
Proposition 9. Suppose f is confluent and nonconstant. If f (Hb) is degenerate for each
b ∈ B , then Y is an arc.
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Proof. If each image hair is degenerate, then f |B :B→ Y is also a confluent surjection
since f (Hb) = {f (b)} for each b ∈ B (the hairs cover nothing more than the base points
do). It is well known that the only nondegenerate confluent image of an arc is an arc. 2
Proposition 10. Suppose f is confluent and nonconstant. If f (Hb) is nondegenerate for
some b ∈ B , then Y is not locally connected.
Proof. Let < be the natural order on Hb with b = minHb. Put p′ = minHb ∩
f−1(E(f (Hb))), and p = f (p′). Note that p′ is the first preimage in Hb of any end
point of f (Hb), and p is this end point. Writing f (Hb) = [p,q], we may then put
q ′ = minHb ∩ f−1(q). Note that q ′ is the first preimage in Hb of the other end point
q of f (Hb). By construction f (b) 6= q , so we may choose y lying strictly between f (b)
and q . Since f ([p′, q ′]) = [p,q], y has a preimage y ′ strictly between p′ and q ′. Using
< for the natural order on [p,q] with p < q , we therefore have that b 6 p′ < y ′ < q ′ and
p 6 f (b) < y < q .
Next, choose a sequence of hairs Hbi = [bi, ebi ] converging onto [b, y ′]. Now ebi → y ′
and bi → b, so also f (ebi )→ y and f (bi)→ f (b). Since y 6= f (b), we may assume
without loss of generality that f (ebi ) 6= f (bi) for each i , so that each image hair f (Hbi ) is
nondegenerate.
Note that b,p′, y ′ ∈ limHbi , so f (b),p, y ∈ limf (Hbi ). Also q ′ /∈ limHbi , so by the
minimality of q ′ we have that q /∈ limf (Hbi ). Thus, there exists a point a ∈ [p,q] with
limf (Hbi )= [p,a] ⊂ [p,q). Note that we may also assume without loss of generality that
q /∈ f (Hbi ) and that f (ebi ) /∈ {p,q} for each i .
If any f (ebi ) ∈ [p,q], then f would have a local extremum on Hbi since q /∈ f (Hbi ).
Thus, we may assume that each of the points f (ebi ) /∈ [p,q]. This means that each
image hair f (Hbi ) has nondegenerate complement, and thus that (by Proposition 8)
f (Hbi )= [f (bi), f (ebi )]. In particular, we see that a = y and f (ebi )→ y .
Now let U be an open neighborhood of y with f (b) /∈ U . If Y were locally connected,
U would contain a connected open neighborhood V of y . V would then be a subdendroid
of Y , and therefore path connected. But V contains a point f (ebi ), and therefore the
arc [y,f (ebi )]. Now every arc between y and any point of Y \ f (Hb) contains f (b), so
f (b) ∈ [y,f (ebi )], contrary to the fact that f (b) /∈ U .
We conclude that Y cannot be locally connected. 2
Corollary 11. Suppose f is confluent and nonconstant. Then the following are equivalent:
(1) f (Hb) is degenerate for all b ∈ B;
(2) Y is a dendrite;
(3) Y is an arc;
(4) Y has no branch point.
Proof. Since Y is not a point, we immediately have (4)⇒ (3)⇒ (2). The implication (2)
⇒ (1) is the content of the preceding proposition, and the implication (1)⇒ (4) follows
from the proof of the Branch Point Covering Theorem. 2
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Corollary 12. Suppose f is confluent and nonconstant. Then each nondegenerate image
hair has nondegenerate complement.
Proposition 13. If f is confluent, then f maps each hair monotonically onto its image.
Proof. If f is constant, the result is immediate. We may therefore assume that f is not
constant, so that Y is not a point. If Y is an arc, the result is again immediate in view of
Corollary 11. We may thus also assume that Y is not an arc. Now let Hb be a hair of X.
Since f (Hb) is either a point or an arc by Corollary 7, and since Y is neither of these,
it must be the case that Y \ f (Hb) is nondegenerate. We may also assume that f (Hb) is
nondegenerate (otherwise f |Hb is constant (so monotone) and we are done). Note that there
exists a point y ∈ Y \f (Hb), and that [p,y] is a nondegenerate arc meeting [p,f (eb)] only
at p for each p ∈ f (Hb).
Let us first show that (f |Hb)−1f (eb) is connected. Choose a minimal arc [b, x] whose
image is f (Hb). Since f (x)= f (eb) 6= f (b) by Proposition 8, the image of A = (x, eb]
is a (possibly degenerate) arc [f (x ′), f (eb)] for some x ′ ∈ A. If it were the case that
f (x ′) 6= f (eb), then f would have a local extremum at x ′: the componentK of f−1f (x ′)
containing x ′ lies in (x, eb], and the nondegenerate arc [f (x ′), y] meets f (A) only at the
point f (x ′). But since f (x ′) ∈ (y, f (eb)), f (x ′) is not an end point of Y , contrary to
Proposition 2. Thus f (x ′)= f (eb), so that (f |Hb)−1f (eb) is the connected set [x, eb].
Now suppose that f is not monotone on Hb; then there is a point x ∈ Hb with
f−1f (x) ∩ Hb disconnected. We may therefore find a component A of Hb \ f−1f (x)
such that A is an open arc bounded by two distinct components of f−1f (x). Since
f (A) is connected and f (A¯)= f (A) ∪ {f (x)} and f (x) /∈ f (A), it must be the case that
f (A) = [f (x1), f (x)) for some x1 ∈ A. Since the image of the end points of A is f (x)
and f (x) 6= f (x1), we have that the component K of f−1f (x1) containing x1 lies in A
(which lies in Hb \ {b}). Now one of the nondegenerate arcs [f (x1), f (eb)] or [f (x1), y]
meets f (A) only at the point f (x1), so that f has a local extremum at x1. But, contrary to
Proposition 2, f (x1) is not an end point of Y since f (x1) ∈ (y, f (eb)). 2
Corollary 14. If f is confluent, then f−1f (B) is a continuum.
Proof. Note that f−1f (B) is compact. For connectedness, we simply note that
(f |Hb)−1(f (b))=Hb ∩ f−1f (b)
is a continuum meeting B for each hair Hb. If there were some component C of f−1f (B)
not meeting B , then C would lie in some Hb and would not meet f−1f (b). But then
by confluence, C would contain a preimage of f (b), contrary to the connectedness of
f−1f (b)∩Hb. 2
3. Intersections of image hairs
We suppose in this section that Y is not a point or an arc. Under this assumption, how
can two nondegenerate image hairs f (Hb) and f (Hc) meet? As it turns out, only in a very
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simple way. Specifically, we demonstrate that if two distinct nondegenerate image hairs
actually meet, then they must either be “glued together” along their entire lengths (with
end points coinciding as well), or they meet only at their common base point.
Proposition 15. Suppose that f is confluent. If f (Hb) and f (Hc) are nondegenerate, then
precisely one of the following is true:
(1) f (Hb) and f (Hc) are disjoint;
(2) f (b)= f (c), and f (Hb) \ {f (b)} and f (Hc) \ {f (c)} are disjoint; or
(3) f (b)= f (c), f (eb)= f (ec), and f (Hb)= f (Hc).
In particular: if f (Hb) meets f (Hc)\ {f (c)}, and if either f (b) 6= f (c) or f (eb) 6= f (ec),
then f (Hb) is degenerate.
Proof. Let f (Hb) and f (Hc) be nondegenerate image hairs. Since each is an arc, their
intersection is either a point or an arc. Suppose first that f (Hb) ∩ f (Hc) = {p}. Then p
must be an end point of both images, since the interior of neither image arc can contain a
branch point of Y . Furthermore, p cannot be f (eb) or f (ec), since these points must be
end points of Y . The only remaining possibility is that p = f (b)= f (c), so that the image
hairs meet only at their base points (we shall refer to the image of the base point of a hair
as the base point of the image hair).
The other possibility is that f (Hb) ∩ f (Hc) is a nondegenerate arc; there are two cases
to consider. For the first case, suppose f (ec) ∈ f (Hb). Since Y is not a point or an arc,
the only end point of Y contained in f (Hb) is f (eb). Hence f (ec) = f (eb) since f (ec)
is an end point of Y . Then by Corollary 4, either f (Hc) ⊂ f (Hb) or f (Hb) ⊂ f (Hc);
we may suppose f (Hc) ⊂ f (Hb). We shall show that in fact f (Hc) = f (Hb). Suppose
to the contrary that f (Hc) is properly contained in f (Hb). Then f (c) ∈ f (Hb) \ {f (b)}.
Let U be an open arc of f (Hb) containing f (c). By continuity, there is a small open
arc V of B such that c ∈ V , f (V ) ⊂ U , and f (Hp) ⊂ f (Hb) \ {f (b)} for each p ∈ V .
Hence f (ep) ∈ f (Hb) for each p ∈ V ; by the same reason as above, every nondegenerate
image hair whose base point is in U must contain f (eb). Now let x be a point in Hc
such that f (x) lies strictly between f (c) and f (ec)= f (eb), and outside of U . Since the
set of end points of X is dense in X, there are hairs Hcn such that cn→ c and ecn → x .
Without loss of generality we may assume that each cn ∈ V , so also each f (cn) ∈ U . Since
f (ecn)→ f (x) and f (x) /∈ U , we may assume that f (ecn) /∈ U as well. Thus each image
hair f (Hcn) is nondegenerate, so that each f (ecn) = f (eb). This yields a contradiction,
since x was chosen such that f (x) 6= f (eb).
For the second case, let us next assume that f (ec) /∈ f (Hb). We may also assume
that f (eb) /∈ f (Hc), since this case was considered above. Now there is a point yb ∈
f (Hb) such that [f (eb), yb] ∪ f (Hc) = {yb}, and there is a point yc ∈ f (Hc) such that
[f (ec), yc] ∪ f (Hb) = {yc} (see Fig. 1). Note that yb and yc are end points of the arc
of intersection. If it were the case that yb = yc, then this point would be a branch
point of Y contained in f (Hb) \ {f (b)}. Thus yb ∈ f (Hb) \ {f (b)}, and, similarly,
yc ∈ f (Hc) \ {f (c)}. This means that no point of [yb, yc] can be a branch point of Y .
Now the union of the three arcs [f (eb), yb], [yb, yc], and [yc, f (ec)] is an arc between end
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Fig. 1. Determining the intersection of image hairs.
points of Y which contains no branch point of Y , and therefore equals Y . This contradicts
the fact that Y is not an arc, so this case cannot occur. 2
4. The geometry of branch points
One of the properties of the hairy arc is that each hair is a limit of other hairs, and that
hairs are attached singly to the base. We show in this section that the image hairs in a
confluent image of the hairy arc are also limits of image hairs; We also show that although
image hairs need not be attached singly to the image of the base, the only other manner of
attachment is in a collection of at most countably many Lelek fans.
Proposition 16. Suppose that f is confluent. If f (Hb) is nondegenerate, then each point
of f (Hb) is a limit of end points of nondegenerate image hairs f (Hbn), and the bn may be
chosen to converge to b from either side. In particular, f (Hb) is a limit of image hairs.
Proof. We note that it suffices to show that the conclusion holds for each interior point
of each nondegenerate hair, since the end point and base point of the image hair are
approximable by a sequence of interior points of the image hair.
Thus we may assume that f (x) ∈ (f (b), f (eb)) with x ∈ Hb . Choose a sequence
of end points ebn → x (from either side), so that bn → b. Since f (ebn)→ f (x) and
f (x) 6= f (eb), we may assume that f (ebn) 6= f (eb) for all n. Since f (bn)→ f (b) and
f (x) 6= f (b), we may also assume that f (bn) 6= f (ebn) for all n. This means that f (Hbn)
is nondegenerate, and that f (Hbn) and f (Hb) are distinct for all n. By construction, f (x)
is the limit of the end points of the image hairs f (Hbn). 2
This shows that every nondegenerate arc in f (Hb) \ {f (b)} is a continuum of
convergence, proving the following.
Corollary 17. If f is confluent, then Y is not locally connected at any point of any
nondegenerate image hair (with the possible exception of its base point).
Thus, no image hair contains a free arc in Y if Y is not itself an arc. We can actually
say more about how image hairs are attached to one another. To this end, the following
definition is convenient.
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Definition 18. Suppose f is confluent and y is the base point of a nondegenerate image
hair. The tuft of Y attached at y is the set
Fy =
⋃{
f (Hb): f (b)= y
}
.
Remark. Note that since Y is not an arc, it follows from Propositions 13 and 15 that Fy =
fpi−1pif−1(y). Thus, each tuft is compact and connected, and therefore a subdendroid
of Y . Note also that there is a tuft attached to each branch point of Y (each such point is the
base point of a nondegenerate image hair by the proof of the Branch Point Covering The-
orem). Recall that for a dendroid Y we denote by R(Y ) the set of ramification points of Y .
Proposition 19. Suppose that f is confluent and y ∈ R(Y ). Then the tuft Fy is either a
nondegenerate arc (and each component of B ∩ f−1(Fy) is a point), or a Lelek fan (and
each component of B ∩ f−1(Fy) is a nondegenerate arc).
Proof. Since R(Y ) 6= ∅, Y is not a point or an arc, and each image hair has nondegenerate
complement. Note that each component ofB∩f −1(Fy) is either a point or a nondegenerate
compact arc. Note also that Fy must be either an arc or a fan, since y is the only possible
branch point of Y lying in the tuft by Proposition 15.
Suppose that some component of B ∩ f−1(Fy) is a point {b}, so that Hb contains a
component K of f−1(Fy). Since Fy is nondegenerate, f (Hb) is nondegenerate. Thus
f (b)= y by Proposition 15, so f (Hb) ⊂ Fy = f (K) ⊂ f (Hb) since f is confluent. We
then have that Fy = f (Hb), a nondegenerate arc.
On the other hand, suppose that some component of B∩f−1(Fy) is a nondegenerate arc
A= [a1, a2]. There are two possibilities: either f (Ha) is nondegenerate for some a ∈ A,
or f (Ha) is degenerate for all a ∈A. We will show that Fy is a Lelek fan in the first case,
and that the second case cannot occur.
Let us first suppose that f (Ha) is nondegenerate for some a ∈ A. By Proposition 16,
every point in the image of every hair attached to A with nondegenerate image is a limit of
end points of such hairs. This means that each point of Fy is a limit of end points of Fy .
Since the restriction of f to any component of f−1(Fy) is a confluent map onto Fy , we
have that Fy is a smooth fan with dense end points—a Lelek fan.
Let us next suppose that f (Ha) is degenerate for all a ∈A. If it happens that Fy contains
at least three distinct nondegenerate image hairs, the proof of the Branch Point Covering
Theorem guarantees that one of these is the image of a hair attached to A, contrary to
the degeneracy of all such image hairs. We may therefore assume that Fy is an arc. Since
y ∈ R(Y ), there is a triod in Y with vertex y and legs Ij (j = 1,2,3) meeting only at y ,
where I1 is an image hair and I2 ∩ Fy = {y}. Since I2 is nondegenerate, it cannot be that
A = B , so we may assume that a1 is not an end point of B . Since A is a component of
B ∩ f−1(Fy), we have f (a1) = y . Note also that A is a maximal subarc of B satisfying
f (A)⊂ Fy .
Denote by Cj the component of f−1(Ij ) containing a1 (j = 1,2,3). Because f (Ha1)
is degenerate and Ij is not, Cj ∩ B is a nondegenerate arc [a1, bj ] (j = 1,2,3). Note that
f ([a1, b1])= I1 since f (Ha) is degenerate for all a ∈A. Also, f ([a1, x]) is nondegenerate
S. Macías et al. / Topology and its Applications 105 (2000) 261–283 271
and meets I1 \ {y} for each x ∈ (a1, b2] since A is maximal with f (A) ⊂ Fy . Since
[a1, b1] and [a1, b2] abut at a1, [a1, b3] must meet one of these in a nondegenerate arc.
Now [a1, b3] cannot meet [a1, b2] in an arc since I3 contains no point of I2 \ {y}, so
either [a1, b3] ⊂ [a1, b1] or [a1, b1] ⊂ [a1, b3]. We cannot have [a1, b1] ⊂ [a1, b3] since
f ([a1, b1])= I1 and I1 6⊂ I3; nor can we have [a1, b3] ⊂ [a1, b1] since f pi−1([a1, b1])=
I1, C3 ⊂ pi−1([a1, b1]), and I3 6⊂ I1. We have thus shown that it cannot happen that f (Ha)
is degenerate for all a ∈A.
Since these two cases are mutually exclusive (Fy cannot be both an arc and a Lelek fan),
we must have either that every component of B ∩ f−1(Fy) is a point and Fy is an arc, or
that every component of B ∩ f−1(Fy) is a nondegenerate arc and Fy is a Lelek fan. 2
Remark. In view of the preceding proposition, we shall refer to y as the base point of the
tuft Fy .
Note that since the set of end points of the Lelek fan has the cardinality of the continuum,
and since the arc contains at most countably many disjoint nondegenerate subarcs, the
following are immediate consequences of Proposition 19.
Corollary 20. If f is confluent, then the order of every branch point of Y is either 3 or the
cardinality of the continuum.
Corollary 21. If f is confluent, then Y contains at most countably many disjoint Lelek
fans.
Proposition 22. Suppose f is confluent. For any three distinct base points of nondegener-
ate image hairs, one of these points lies in the arc joining the other two.
Proof. Let f (bi) be distinct base points of nondegenerate image hairs f (Hbi ) (i = 1,2,3).
Since the arcs [f (b1), f (b2)] and [f (b1), f (b3)] are nondegenerate and share an end point,
their union is either an arc or a triod. If it is an arc, we are done. Otherwise, it is a triod
with vertex v. Note that Y then cannot be an arc, and that v 6= f (bi) (i = 1,2,3). By the
proof of the Branch Point Covering Theorem, one of the arcs [v,f (bi)] lies in an image
hair with base point v. This contradicts Proposition 15. 2
Corollary 23. Suppose f is confluent. Then for any three distinct branch points of Y , one
of these points lies in the arc joining the other two.
Corollary 24. If f is confluent, then every finite subset of R(Y ) lies in an arc.
Corollary 25. Suppose f is confluent. Then there are at most two disjoint tufts of Y
whose base points are not branch points of Y (so that each such tuft comprises a single
nondegenerate image hair).
Proposition 26. Suppose f is confluent, andA is the arc joining two distinct branch points
of Y . Then A is the image of a nondegenerate subarc of the base B . If A′ is an arc such
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that A ∪A′ is a triod whose vertex v is an end point of A′, then A′ lies in an image hair
contained in Fv and so contains no branch point of Y other than v.
Proof. Fix two distinct branch points v1, v2 of Y and put A = [v1, v2]. Choose two arcs
(meeting A and each other only at v1) whose union with A is a triod with vertex v1,
and two other arcs (meeting A and each other only at v2) whose union with A is a
triod with vertex v2. Let K denote the union of A and these four arcs, and let C be any
component of f−1(K). Since f |C :C → K is a confluent surjection, the Branch Point
Covering Theorem guarantees the existence of two branch points bi of C with f (bi)= vi .
Note that [b1, b2] ⊂ C ∩ B since R(C) ⊂ B , so that A ⊂ f ([b1, b2]) ⊂ K . We may
find a point b′2 ∈ (b1, b2] such that f (b′2) = v2 and v2 /∈ f ([b1, b′2)), and then a point
b′1 ∈ [b1, b′2) such that f (b′1) = v1 and v1 /∈ f ((b′1, b′2]). Note that A ⊂ f ([b′1, b′2]) ⊂ K .
Since f ((b′1, b
′
2)) meets (v1, v2) but not {v1, v2}, and since every arc joining any point of
(v1, v2) and any point ofK \A meets {v1, v2}, we have that f ((b′1, b′2))⊂A. Thus [b′1, b′2]
is a nondegenerate subarc of B whose image is A.
Next, suppose A′ is as stated. By the Branch Point Covering Theorem, one of the legs
of the triod A ∪A′ lies in an image hair whose base point is v. Since the two legs [v, vj ]
each contain two branch points of Y , neither lies in an image hair by Proposition 5. Thus
the leg A′ lies in an image hair whose base point is v, so that A′ lies in Fv and contains no
branch point of Y other than v. 2
Proposition 27. If f is confluent, then R(Y ) lies in an arc.
Proof. We may assume by Corollary 24 that R(Y ) is infinite (so Y is not an arc). Choose
by separability a countable set D dense in R(Y ), and choose three points a, a−, a+ ∈ D
such that a ∈ (a−, a+). Partition D \ {a} into two sets D− and D+ as follows. For
each r ∈ D \ {a}, the set (a, r] meets precisely one of the sets (a, a±]; r belongs to the
corresponding setD±. Let us also declare that the point a belongs to both setsD±; the sets
D± then contain the points of D on the two “sides” of a. Put R± =⋃r∈D±[a, r].
Suppose first that both sets R± =⋃r∈D′± [a, r] for some pair of finite sets D′± ⊂ D±.
Then by Corollary 24, R+ ∪R− is an arc. As D is dense in R(Y ) and D ⊂D ⊂R+ ∪R−,
we have that R(Y )⊂ R+ ∪R− as required.
Otherwise, one of R± (we may suppose R+) cannot be written as such a finite union.
We may then find a sequence of points vn ∈ D+ \ {a} such that [a, vn] ⊂ [a, vn+1) for
each n ∈N, and R+ =⋃n∈N[a, vn]. Note that we also then have R+ =⋃n∈N[a, vn). By a
lemma of Borsuk (see [3, p. 18]), R+ is an arc. The result follows immediately. 2
5. The weak hairy arc
We will say that a weak hairy arc is a smooth dendroid whose branch points lie on a
(possibly degenerate) minimal arc (called the base of the weak hairy arc) such that the
union of the base and the end points of the dendroid is dense. Note that the point, the arc,
the Lelek fan, and the hairy arc are all examples of weak hairy arcs.
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Our goal in this section is to show that every confluent image of a hairy arc is a weak
hairy arc.
Notation. Let us extend the tuft notation slightly. We will allow the symbol Fy to be
defined as above for any y ∈ f (B), with the understanding thatHb will include degenerate
hairs in X as well as the usual nondegenerate hairs. With this extension, it is easily verified
that Fy is unchanged if y is the base point of a nondegenerate image hair, and that Fy = {y}
otherwise. The equality Fy = f pi−1pif−1(y) still holds. Proposition 19 only holds, of
course, for nondegenerate tufts.
For any pair v1 and v2 of branch points of Y , let us use the symbol [[v1, v2]] to denote
the union
⋃{Fy : y ∈ [v1, v2]}. Note that if v1 = v2, then [[v1, v2]] = Fv1 , which is a weak
hairy arc (being either an arc or a Lelek fan). The following shows that this remains true if
the points vj do not coincide.
Proposition 28. If f is confluent, then [[v1, v2]] is a weak hairy arc for any pair of points
v1, v2 ∈ R(Y ).
Proof. PutA= [v1, v2] andW = [[v1, v2]]; by Proposition 26,A contains all branch points
of W . Now W is connected since it is arcwise connected; the compactness of W follows
from the fact that Fy = f pi−1pif−1(y), since then W = f pi−1pif−1(A). Thus W is a
continuum. If C is any component of f−1(W), then C is a smooth dendroid whose image
under the confluent map f |C is W . Thus W is a smooth dendroid.
To see that the union of A and the end points of W is dense in W , suppose that
y ∈W \A. There is a nondegenerate image hair f (Hb) with y ∈ f (Hb)⊂ Ff (b). Let C be
the component of f−1(A) containing b. A cannot lie in an image hair since it contains
more than one branch point of Y , so C ∩ B is a nondegenerate arc containing b. By
Proposition 16, we may find bn→ b in C ∩ B such that f (Hbn) is nondegenerate and
f (ebn)→ y . Now f (bn)→ f (b) in A, so that y is a limit of end points of Y which are
also end points of W . Thus the union of A and the end points of W is dense in W . 2
Proposition 29. Suppose f is confluent, and suppose that Y is not a point, an arc, or a
fan. For each v ∈R(Y ), letAv be a family of nondegenerate arcs (each having v as an end
point) which is maximal with respect to being pairwise disjoint except for v. Then:
(1) At most two members of Av fail to lie in Fv .
(2) At least one member of Av fails to lie in Fv .
(3) There are at most two branch points v for which at most one member of Av fails to
lie in Fv .
Proof. By the Branch Point Covering Theorem, at least one leg of every triod lies in an
image hair, so there cannot be three distinct members of Av which do not lie in image
hairs.
Since Y is not a point, an arc, or a fan, there exists a point v′ ∈ R(Y ) different from v.
By the maximality of Av , there is a member A of Av meeting [v, v′] in a nondegenerate
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arc A′ = [v, y]. If neither of A and [v, v′] contains the other, then their union is a triod
with vertex y , and A cannot lie in an image hair since it contains two distinct branch points
of Y . If [v, v′] ⊂ A, two distinct branch points of Y again lie in A and so A cannot lie in
an image hair. Otherwise, A ( [v, v′]. Then by Corollary 4, [y, v] cannot lie in an image
hair since the arc from v (necessarily the image hair’s base point) to v′ (necessarily in the
image hair’s complement) contains y (necessarily distinct from v).
Finally, suppose that vj ∈ R(Y ) is such that Avj has a unique member not lying in an
image hair (j = 1,2,3). We may suppose by Corollary 23 that v2 ∈ [v1, v3]. But then
we have two distinct arcs [v1, v2] and [v2, v3] which, by the reasoning in the previous
paragraph, produce two distinct members of Av not lying in image hairs. 2
Remark. By the maximality of the family Av , each nondegenerate image hair attached
to v contains a nondegenerate subarc which is a member of Av . We may therefore replace
each such subarc by the entire image hair without losing either the maximality of Av or
the property that any two distinct members ofAv meet only at v. This means that there is a
canonical choice for all members ofAv with the exception of the one or two arcs produced
by Proposition 29. Since the union of the exceptional members is a nondegenerate arc A,
we have that
⋃Av = Fv ∪A, and Fv meets A only at v.
Proposition 30. If f is confluent and Y is not a point or an arc, then⋃{[[v, v′]]: v ∈R(Y )}
is a weak hairy arc for each v′ ∈R(Y ), and is independent of v′.
Proof. Let [c1, c2] denote the irreducible arc about R(Y ). If it happens that both c1, c2 ∈
R(Y ), we are done by Proposition 28. Thus we may assume that c2 /∈ R(Y ). We may also
assume that c1 ∈ R(Y )—otherwise we could choose a branch point c3 ∈ (c1, c2), observe
that [[c1, c2]] = [[c3, c1]] ∪ [[c3, c2]], and deal with the spaces [[c3, ci]] (i = 1,2) instead.
Let < be the natural order on the arc [c1, c2] such that c1 < c2. Choose a sequence of
branch points vn→ c2; we may assume that vn < vn+1 for all n. Note that Wn = [[c1, vn]]
is a weak hairy arc, and that Wn ⊂Wn+1 for each n. Put
W =
∞⋃
n=1
Wn
and write K =W . We must show that K is a weak hairy arc. Note that K is a smooth
dendroid whose branch points lie on the arc [c1, c2]. It then remains to show that
[c1, c2] ∪E(K) is dense in K . In fact, since each of the Wn are weak hairy arcs, we need
only show that this set is dense in K \W .
Let y be a point in K \W , and suppose that y /∈ [c1, c2]. Then there is a sequence of
points yn ∈ W with yn→ y . Since y /∈ [c1, c2], we may suppose that each yn lies in a
nondegenerate image hair in some Wjn . By Proposition 16, each such yn is approximable
by a sequence of end points of nondegenerate image hairs in Wjn . We may therefore find a
sequence of end points zn of image hairs in Wjn such that zn→ y in K . Since end points
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of image hairs are end points of Y , each zn ∈ E(Y ); therefore each zn ∈ E(K) (since
zn ∈W ⊂K), and we are done. 2
We have very nearly proven the main result of this paper, which is the following.
Theorem 31. If f is confluent, then Y is a weak hairy arc.
Proof. We may assume that Y is not a point or an arc.
Let K be the weak hairy arc constructed in Proposition 30. If K is a fan with branch
point v, then it is an easy consequence of Proposition 29 that (Y \K)∪ {v} is a (possibly
degenerate) arc. Y is then a weak hairy arc.
Otherwise, we may assume that the arc I0 = [c1, c2] is nondegenerate. Now I0 does
not lie in any image hair (it contains at least two branch points). If c1 ∈ R(Y ), all image
hairs attached to c1 lie in K . Moreover, Proposition 29 shows that there cannot exist two
nondegenerate arcs I1 and I2 (having c1 as an end point) such that all three Ij are pairwise
disjoint except for c1 and all three Ij fail to lie in image hairs. If a single such arc I1 does
exist, it may be taken to be of the form [c1, a1] for some unique end point a1 of Y , since I1
can contain no branch point of Y other than c1. (If such an I1 does not exist, take a1 = c1.)
Suppose on the other hand that c1 /∈ R(Y ). If there is an image hair attached to c1, then
it is a limit of other image hairs of Y and therefore contained in K by compactness (recall
that at most two nondegenerate image hairs have base points not in R(Y )). No other image
hair is attached to c1 since c1 /∈ R(Y ), and there is no arc I1 with the above properties for
the same reason. In this case, let us put a1 = c1.
Note that if there is a nondegenerate arc [c1, y] (meeting [c1, c2] only at c1) which is a
limit of nondegenerate image hairs, then this arc must itself lie in an image hair. Indeed,
suppose f (Hbn)→ [c1, y]. We may find a subsequence of hairs Hbnj which converges to
a necessarily nondegenerate hair Hb. Since f (bnj )→ c1 and f (ebnj )→ y , we have that
f (b) = c1 and there is a point x = lim ebnj ∈ Hb with f (x) = y 6= c1. Thus f (Hb) is a
nondegenerate image hair containing [c1, y], as asserted.
We may perform the same analysis for the point c2, obtaining a corresponding point a2
which is either equal to c2 or which is an end point of Y .
The arc A = [a1, a2] is then an arc in Y containing R(Y ) which is either inextendible
or extendible only by image hairs lying in K . Thus there can be no point of Y which does
not lie in A ∪K , since the arc joining such a point to A ∪K must meet A ∪K only at a
point ofK \A—which is impossible since this set consists of image hairs minus their base
points. 2
Remark. Note that the arc A = [a1, a2] is analogous to the base of the hairy arc X,
in that the rest of Y “hangs” from A in the form of nondegenerate tufts attached to
single points of A. We will therefore refer to A as the base of the weak hairy arc, and
to the nondegenerate image hairs as the hairs of the weak hairy arc. Note also that by
construction, the arc (aj , cj ) (j = 1,2) is either empty or a free arc in Y : it contains no
branch point of Y , and is not a limit of image hairs (since it is not itself an image hair).
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Finally, note that A meets each image hair precisely at its base point; in particular, A does
not meet any image hair in a nondegenerate arc.
6. Open maps
Every open map of continua is confluent, so additional results may be obtained by
strengthening the hypothesis of confluence to openness. As we shall show, nondegenerate
open images of the hairy arc resemble the hairy arc quite closely.
Proposition 32. If f is open, then Y does not contain a Lelek fan (equivalently, every
branch point of Y is of order 3).
Proof. Suppose to the contrary that f is open and Y contains a Lelek fan with branch
point v. Then v ∈ R(Y ), and Fv is a Lelek fan. Let K be a component of f−1(Fv), so
that B ∩K is a nondegenerate arc by Proposition 19. Consequently, f (B ∩K) can have a
nondegenerate intersection with at most countably many distinct image hairs in Fv . Now
Fv contains uncountably many distinct nondegenerate image hairs, so we may find two
such image hairs f (Hb) and f (Hb′) in Fv meeting f (B) only at v, such that b and b′ lie
in the interior of the arc B ∩K . (Note that f (b)= f (b′)= v.)
Since f (Hb) and f (Hb′) are distinct,Hb is not a limit of hairs mapping onto f (Hb′), and
vice versa. We may therefore choose a small neighborhood U of b in B such that no hair
attached to U has f (Hb′) as its image. Proposition 15 then implies that the image of no hair
attached to U meets f (Hb′) \ {v}. Now pi−1(U) is a neighborhood of b in X, so its image
fpi−1(U) is a neighborhood of v in Y since f is open. This means that f (Hb′)∩f pi−1(U)
is a neighborhood of v in f (Hb′), which is not the case since f (H ′b)∩ f pi−1(U)= {v} by
construction.
The equivalence of the two formulations of the conclusion follows immediately from
Corollary 20 and the fact that the order of the branch point of the Lelek fan is the cardinality
of the continuum. 2
Proposition 33. If f is open, then Y is not an arc.
Proof. Suppose that Y is an arc. Then f is nonconstant, and f (Hb) is degenerate for
each b ∈ B (by Corollary 11). We may therefore write f = gpi , where pi :X→ B is the
natural monotone projection and g :B→ Y is the restriction f |B . Since pi is surjective,
pipi−1 = IdB . Thus f pi−1 = gpipi−1 = g IdB = g. Since f is open and pi is continuous, g
must then be open (and therefore confluent). Moreover, g is a light map: otherwise, g(U)
would be a point for some open arc U ⊂ B , contrary to the openness of g.
Writing Y = [p,q], choose a small open arc A ⊂ B with g(A) ⊂ (p, q). We claim
that g must be injective on A. Indeed, suppose to the contrary that g(a)= g(b) for distinct
points a, b ∈ A. Choose x, y ∈ [a, b] with g([a, b]) = [g(x), g(y)]. As g is open, g is
nonconstant on [a, b], so either g(x) 6= g(a) or g(b) 6= g(y); we may suppose without
loss of generality that g(x) 6= g(a). Note then that g(x) < g(a) and a < x < b. But
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then K = Comp(g−1([p,g(x)]), x)⊂ [a, b], so g(K)= {g(x)} contrary to the confluence
of g.
Thus, g is injective on A. This means that g|A is a homeomorphism. Let U be an open
subset of X with U ⊂ pi−1(A) and U ⊂ X \ B . Then pi(U) is totally disconnected, so
gpi(U) is totally disconnected. But f (U) = gpi(U) is open in Y , which is impossible.
Thus, Y is not an arc. 2
We remind the reader that a free arc in Y is a nonempty set (y, y ′) ⊂ Y which is open
in Y .
Proposition 34. If f is open, then Y does not contain a free arc.
Proof. We may suppose that f is not constant, so Y is not an arc and there exist
nondegenerate image hairs in Y (Y must contain branch points). By Proposition 16, we
then have that no image hair can contain a free arc. If there is a free arc (y, y ′) in Y , it must
therefore be the case that (y, y ′) ⊂ f (B). Furthermore, we must also have that all hairs
attached to B ∩ f−1((y, y ′)) have degenerate image.
Let A ⊂ (y, y ′) be a nondegenerate compact arc and let K ′ be a component of
B ∩ f−1(A). Since all hairs attached to K have degenerate image, f |K ′ :K ′ → A is
a confluent surjection between nondegenerate arcs. We may therefore find (see [9]) a
nondegenerate irreducible subarc K ⊂ K ′ such that the restriction f |K :K → A is a
monotone (hence confluent) surjection. It follows that f must be one-to-one onK; indeed,
if there is a nonempty open arc I ⊂K with f (I)= {yo}, then f pi−1(I) is an open subset
of X whose image is a point, which cannot be open in Y as f is not constant. So in fact,
f |K :K→A is a homeomorphism.
Now let U be an open arc in K bounded by hairless points of B , let b ∈ U with Hb
nondegenerate, and choose a neighborhood V ⊂ pi−1(U) of eb whose closure does not
meet B . Since f (V ) is open in Y and contained in (y, y ′), it is open in (y, y ′). But f pi(V )
is 0-dimensional (since pi(V ) is, and f |K is a homeomorphism), so not open in (y, y ′)—
contrary to the fact that f (V )= fpi(V ). 2
Corollary 35. If f is open and nonconstant, then Y is a comb.
Proposition 36. If f is open and y is the base point of a nondegenerate image hair
attached to the interior of the base of Y , then B ∩ f−1(y) is finite.
Proof. Let y be the base point of an image hair attached to the interior of the base A
of Y , so that y ∈ R(Y ) and the image hair is Fy . We first show that B ∩ f−1(y) is
finite. Suppose to the contrary that B ∩ f−1(y) is infinite. Since this set is compact and
totally disconnected, its complement in B contains a null sequence of pairwise disjoint
open arcs Ui = (ai, bi) such that f (ai) = f (bi) = y . Note f (Hai ) = f (Hbi ) = Fy by
Proposition 19. Since diam(Ui)→ 0, we may assume that ai, bi→ b0 ∈ B with f (b0)= y
and f (Hb0) = Fy . Since y /∈ f (Ui) and diam(f (Ui))→ 0 as well, we may also assume
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by confluence that each f (Ui) ∩ Fy = ∅ and that no f (Ui) meets an end point of A,
discarding a finite number of initial sets Ui if necessary. Note f (Ui) cannot be degenerate
by Proposition 19. Thus each A ∩ f (Ui) lies entirely on one side of y in A, and is
nondegenerate since y is a branch point of order three (by Proposition 32). Thus if [a, y)
is the component of A \ {y} meeting f (Ui), then there is a point y ′ ∈ (a, y) such that
A ∩ f (Ui)= [y ′, y). Now [a, y ′] is nondegenerate since f (Ui) does not meet either end
point of A, and [a, y ′] ∩ f (Ui) = {y ′}. Since [a, y ′] meets f (Ui) but not {y}, there is
a component K of f−1([a, y ′]) meeting Ui which is contained in pi−1(Ui). Note that
fpi(K) = {y ′}. If pi(K) were an arc, all hairs attached to pi(K) would have degenerate
image (else Fy ′ would be a Lelek fan, impossible since f is open). This would imply that
f (K) = f pi(K) = {y ′}, contrary to the confluence of f . Therefore, pi(K) is a point and
so K ⊂ Hb for some b ∈ Ui . Since [a, y ′] is nondegenerate and [a, y ′] ⊂ f (Hb), f (Hb)
is nondegenerate and so contains no branch point of Y except for y ′ = f (b). But since Y
contains no free arcs, there are branch points of Y lying in (a, y ′) ⊂ f (Hb) \ {f (b)}, a
contradiction. 2
Proposition 37. If f is open, then each image hair attached to the interior of the base of
Y is a two-sided limit of image hairs.
Proof. Let y be the base point of an image hair attached to the interior of the base A of
Y , so that y ∈ R(Y ) and the image hair is Fy . By Proposition 36, B ∩ f−1(y) is finite.
We show that small arcs lying on opposite sides of a point in B ∩ f−1(y) are mapped
to opposite sides of y in A. Let b ∈ B ∩ f−1(y). Since this set is finite, we may choose
an arc [b′, b′′] ⊂ B with b ∈ (b′, b′′) and f−1(y) ∩ [b′, b′′] = {b}. Then A ∩ f ([b′, b]) is
nondegenerate and connected, and f (b) /∈ f ([b′, b)), so A∩f ([b′, b)) lies in a component
of A \ {y}. In other words, A ∩ f ([b′, b)) lies entirely on one side of y in A. The same
is true of A ∩ f ((b, b′′]). If each of these sets lay in [a, y] for some end point a of A,
confluence would force f (Hb) to contain [y, a′′] (where a′′ is the other end point of A),
which is impossible since this arc contains branch points of Y other than y (as above).
Finally, we show that the image hair attached to y is a two-sided limit of images hairs.
But this is immediate from the proof of Proposition 16 in view of the result proved in the
preceding paragraph. 2
Corollary 38. If f is open and nonconstant, then Y is homeomorphic to pi−1(I) for some
nondegenerate arc I ⊂ B .
Proof. If both end points of the base of Y fail to have nondegenerate image hairs attached,
then every hair of Y is a two-sided limit of hairs and Y is thus a hairy arc.
If there is an end point y of the base of Y to which a nondegenerate image hair Fy is
attached, we may perform the following surgery on Y . Let b ∈ B be the base point of a
nondegenerate hair in X, and let b′ ∈B be a hairless base point ofX. Identify the two hairs
Hb and Fy in such a way that the base points are identified, the end points are identified,
and points along each hair are identified in an order-preserving way along the two hairs. If
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necessary, perform the same procedure at the other end point of the base of Y . Y is now
embedded in the resulting space, which is a hairy arc. Moreover, the base of Y plays the
role of the nondegenerate arc I , and Y = pi−1(I) as required. 2
Proposition 39. If f is open and nonconstant, then f |B is open and light (in fact, finite-
to-one) onto f (B). Moreover, there is a finite partition b0 < b1 < · · ·< bn of B such that
f |[bk−1,bk] is a homeomorphism onto f (B) for each k = 1,2, . . . , n.
Proof. Let U be open in B , so that fpi−1(U) is open in Y and therefore f (B)∩fpi−1(U)
is open in f (B). We will show that f |B(U) = f (B) ∩ fpi−1(U), so that f |B is open as
required.
Note first that U ⊂ pi−1(U) and U ⊂ B , so that f |B(U) ⊂ f pi−1(U) and f |B(U) ⊂
f (B). Therefore, f |B(U)⊂ f (B) ∩ f pi−1(U).
Now suppose f (B) ∩ f pi−1(U) 6⊂ f |B(U). Since f pi−1(U) consists of f (U) and the
images of hairs attached to U , this means that f (B) enters (and, by confluence, contains)
a nondegenerate image hair f (Hb) for some b ∈ U . But then there is an arc A⊂ U with
f (A)⊂ f (Hb) \ {f (b)}. This means that f (Ha) must be degenerate for all a ∈ A, which
is impossible since f is open (by Corollary 11 and Proposition 33).
Thus f |B is open and therefore confluent. We see then that f (B) must be an arc.
Moreover, f |B is light: indeed, there would otherwise exist an open arc U ⊂ B with
f |B(U) a point—impossible since a point is not an open subset of an arc.
Since f |B :B→ f (B) is a light open map between arcs, one can easily see that its action
is to fold the arc B onto the arc f (B) a finite number of times, which is the content of the
last statement above. 2
Remark. Note that f (E(B)) ⊂ E(f (B)) in the preceding paragraph. Since both points
of E(B) are hairless, confluence and lightness then forces all points of f (E(B)) to be
hairless. This means that at least one point of E(f (B)), the base of Y , must be hairless.
Proposition 40. If f is open and nonconstant, then f is light (in fact, finite-to-one).
Moreover, there is a finite partition b0 < b1 < · · · < bn of the base B such that
f |pi−1([bk−1,bk]) is a homeomorphism onto Y for each k = 1,2, . . . , n.
Proof. In view of Propositions 13 and 39, it suffices to show that f |Hb is light. Suppose
to the contrary that there is a point b ∈ B and a point y ∈ f (Hb) with f−1(y)∩Hb = C, a
nondegenerate arc. By Proposition 39, we may choose an open arc A⊂ B with b ∈A such
that f is one-to-one on each side of b in A. (In the language of Proposition 39, A may
be taken to be either some (bk−1, bk) or some (bk−1, bk+1)—the latter if it happens that
b = bk .) This means that for distinct r, s ∈ A on the same side of b, f (Hr) ∩ f (Hs) = ∅
(otherwise there would exist an open set whose image lies in an image hair; such a set
could not be open, being a limit of hairs in its complement).
Now choose an open set U ⊂ X with U ⊂ pi−1(A), U ∩ Hb ⊂ C, and U ∩ A = ∅.
Suppose also that there is a height ε > 0 such that no hair of height less than or equal
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to ε meets U . We claim that we may find a sequence of points bi → b in A such that
f (Hbi )∩ f (U)= ∅. If f is injective on A, we need only choose the bi→ b as base points
of hairs of height less than or equal to ε. If f is not injective on A, then f is injective on
each side of b in A. We note the following. The set B− (respectively, B+) of base points
in A to the left (respectively, right) of b whose nondegenerate hairs are of height less than
or equal to ε is a denseGδ in A. The corresponding sets of base points whose hairs meet U
are both nowhere dense Fσ sets inA. Therefore, it is possible to choose a sequence bi ∈ B−
and b′i ∈ B+ such that f (bi)= f (b′i ), bi→ b, b′i→ b,Hbi ∩U = ∅, and Hb′i ∩U = ∅. We
also have that f (Hbi )∩ f (U)= ∅ as desired.
Now bi→ b, so f (bi)→ f (b)= y ∈ U ; but f (bi) /∈ f (U), so y ∈ ∂f (U)—impossible
since y ∈ f (U) and f (U) is open.
The final statement is an immediate consequence of the corresponding statement in
Proposition 39. 2
We are now in a position to obtain a nice characterization of certain confluent maps of
the hairy arc; we remind the reader that Y is the Hausdorff (equivalently, metrizable) image
of X under f .
Theorem 41. If f is confluent, then the following are equivalent:
(1) f is open;
(2) f is light;
(3) f is finite-to-1.
Proof. We know that (1)⇒ (3)⇒ (2), so it suffices to show that (2)⇒ (1). Assume then
that f is light.
We will show that f |B is a light confluent map of B onto f (B) (of course, f |B is light).
Since f is light, f (Hb) must be nondegenerate for each b ∈ R(X). By Corollary 11, Y is
not an arc. We claim that f−1f (B)= B . Certainly, B ⊂ f−1f (B); let p ∈ f−1f (B) and
suppose to the contrary that p ∈ X \ B . Then p ∈ Hb \ {b} for some b ∈ B . Since f |Hb
is monotone (Proposition 13) and light (as f is light), f |Hb is a homeomorphism. Thus
f (p) 6= f (b). But since p ∈ f−1f (B), we have f (p)= f (c) for some c ∈ B (note c 6= b).
By Proposition 15, X cannot have a hair attached at c.
Now for d ∈ (b, c) sufficiently close to c, we have that f ([d, c]) ⊂ f (Hb) \ {f (b)}
by continuity and the fact that paths may exit f (Hb) only through f (b). But since there
are hairs attached to [d, c], Proposition 15 implies that their images are all degenerate—
impossible since f is light.
Thus f−1f (B) = B . Since B is then a component of f−1f (B) and f (B) is a
continuum, f |B :B→ f (B) is confluent. Note also that f (B)∩ f (X \B)= ∅.
Since f light, f (B) is nondegenerate, so that f (B) is an arc.
Light confluent interval maps coincide with nonconstant open interval maps, and each
of these is of the sort described in Proposition 39. We therefore can chose a partition
b0 < · · · < bn of B , with Bi = [bi−1, bi], B = B1 ∪ · · · ∪ Bn, and f |Bi :Bi → f (B) a
homeomorphism (1 6 i 6 n). Put Xi = pi−1(Bi), so f |Xi (Xi) = Y by confluence. Now
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f |Hb and f |Bi are 1-to-1 for each i and each b ∈ B , and f (Hb) ∩ f (Bi) = {f (b)}.
Therefore f |Xi is a continuous bijection, i.e., homeomorphism onto Y .
To see that f is open, let U be open in X and put Ui = U ∩Xi . Then Ui is open in Xi ,
and U =⋃ni=1Ui . Now each f |Xi (Ui) is open in f (Xi) = Y , so f (U)= f (⋃ni=1Ui) =⋃n
i=1 f |Xi (Ui) is open in Y as required. 2
7. Examples
7.1. Branched image of base
For some simple confluent maps f :X→ Y of the hairy arc, it happens that the image
f (B) of the hairy arc’s base coincides with the base of the weak hairy arc Y . Shrinking
the base of the hairy arc to a point to produce the Lelek fan constitutes a map of this sort.
Another such map is the open map which folds the hairy arc onto itself by doubling the
base and matching hairs in the two halves exactly. In both cases, the image f (B) coincides
with the base of the weak hairy arc Y . One might be tempted to conclude on the basis of
most of the examples that come to mind that this is always the case. In fact, it is not always
the case, as we illustrate here. Let us proceed to construct a confluent map of the hairy
arc X (onto the Lelek fan Y ) with the property that the image f (B) is a triod in Y ; since
the base of Y is a single point, this shows that the claim is correct.
We form a confluent map f :X→ Y of the hairy arc onto the Lelek fan as follows. First,
collapse the hairs to their base points on three disjoint subarcs bounded by hairless points
interior to the base of X. Next, collapse the complementary base arcs to single points. The
result is an intermediate space made up of a base arc with Lelek fans attached to both end
points and to two distinct interior points. Since the two maps used to form this intermediate
space are monotone surjections, the map fromX to this space is also a monotone surjection
(and therefore confluent).
The construction of the confluent map X→ Y is completed in two steps (see Fig. 2).
Let us suppose that the Lelek fans Lj are attached to the base arc of the intermediate space
at the points vj (16 j 6 4) and that the points are ordered on the base arc by their indices.
Note that the base arc is [v1, v4]. Choose points aj ∈ (vj , vj+1).
Form a map f1 which lays each Lelek fan Lj homeomorphically onto a single Lelek
fan L with vertex v′. Note that each f (vj ) = v′. The action of f1 on the base of the
intermediate space is to fold each pair of arcs [vj , aj ] and [aj , vj+1] homeomorphically
onto a single arc [v′, a′j ], where the points a′j are distinct. Note that each f (aj )= a′j . The
result is a space Y ′ made up of a triod T ′ with vertex v′ and end points a′j , and a Lelek fan
L with vertex v′ such that T ′ meets L only at v′.
Finally, form a map f2 which lays each leg [v′, a′j ] of the triod T ′ homeomorphically
onto a distinct hair [v, ej ] of the Lelek fan Y . Each hair [v, ej ] is the homeomorphic image
of the pair of arcs [v′, a′j ] and [v′, e˜j ] in Y ′. Denote by T the triod comprising the three
legs [v, ej ]; note that v is the vertex of T .
This procedure has defined a continuous map f :X→ Y of the hairy arc onto the Lelek
fan. The image of the base B of the hairy arc under this map is the triod T in Y . We show
that f is confluent by demonstrating the confluence of f2 ◦ f1.
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Fig. 2. Final steps in constructing a confluent map.
Suppose first that K is a subcontinuum of Y not containing v. If K does not
meet T , then f−12 (K) is a copy K ′ ⊂ L of K with f2(K ′) = K (since f2|L :L→ Y
is a homeomorphism). Similarly, f−11 (K ′) comprises four copies Kj ⊂ Lj of K ′ with
f1(Kj ) = K ′ (since each map fj |Lj :Lj → L is a homeomorphism). If K does meet T ,
then we have either 5 or 6 arcs coveringK under f2 ◦ f1.
Suppose next that K is a subcontinuum of Y containing v. Then K is a union of
(nondegenerate) arcs [v, y], each lying in a distinct hair of Y . If [v, y] does not lie in T ,
then f−12 ([v, y]) is an arc [v′, y˜] ⊂ L with f2([v′, y˜]) = [v, y] (as above). Similarly,
f−11 ([v′, y˜]) comprises four copies [vj , yj ] ⊂ Lj of [v′, y˜] with f1([vj , yj ])= [v′, y˜] (as
above).
If [v, y] does lie in T , then f−12 ([v, y]) is the union of an arc [v′, y˜] ⊂ L and
arc [v′, y ′] ⊂ T ′. Note that f2([v′, y˜]) = f2([v′, y ′]) = [v, y] (as above), and that
f−12 ([v, y]) = [y˜, y ′]. The preimage f−11 ([y˜, y ′]) is the union of f−11 ([v′, y˜]) and
f−11 ([v′, y ′]). The first set comprises four disjoint arcs [vj , yj ] ⊂ Lj with f1([vj , yj ])=
[v′, y˜] (as above). The second set comprises three sets [vj , x−j ] ∪ [x+j , vj+1] with
f1([vj , x−j ])= [v′, y ′] and f1([x+j , vj+1])= [v′, y ′]. Here, we take
vj < x
−
j < aj < x
+
j < vj+1
for each 16 j 6 3.
Since K is the union of the arcs [v, y], the preimage (f2 ◦ f1)(K) comprises a union
of arcs of the form [vj , x]. At the very least, each component of (f2 ◦ f1)(K) contains a
copy C in one of the Lj of K with f (C)=K . Thus, f2 ◦ f1 is confluent.
7.2. Image hair at end point of base
The next example shows that a nondegenerate open image of the hairy arc may or may
not have a hair attached to an end point of its base. Let us write B = [a, b]; choose an
interior base point c, so that c ∈ (a, b). Then the sets pi−1([a, c]) and pi−1([c, b]) are
homeomorphic. We may therefore fold one of these sets homeomorphically onto the other
in such that the base subintervals are identified and the hairs attached to one subinterval
are folded exactly onto those attached to the other subinterval while preserving the order
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of hairs on both of these subintervals. One may easily verify that this defines an open map
of the hairy arc X onto its image Y .
If c happens to be a hairless base point of X, then the resulting space Y is again a
hairy arc and the end points of is base are both hairless. If there is a nondegenerate hair
attached at c, then the resulting space Y has a hair attached at one end point of its base. In
both cases, the image space is homeomorphic to the portion of the hairy arc lying over a
compact subarc of its base.
A similar construction may be carried out by choosing a finite number of points cj ∈ B
with
a = c0 < c1 < · · ·< cn < cn+1 = b (n odd),
where the points c2j are hairless and the points c2j+1 are either all hairy or all hairless.
Folding each of the sets pi−1([cj , cj+1]) homeomorphically together defines an open map
whose image shares the properties mentioned above.
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